Solar thermoelectric generators (STEGs) are solid state heat engines that generate electricity from concentrated sunlight. In this paper, we develop a novel detailed balance model for STEGs and apply this model to both state-of-the-art and idealized materials. This model uses thermoelectric compatibility theory to provide analytic solutions to device efficiency in idealized materials with temperature-dependent properties. The results of this modeling allow us to predict maximum theoretical STEG efficiencies and suggest general design rules for STEGs. With today's materials, a STEG with an incident flux of 100 kW m À2 and a hot side temperature of 1000 C could achieve 15.9%
Introduction
There are many technologies available to directly harness the sun's energy, the most prevalent of which are photovoltaics and solar thermal (also known as concentrated solar power). Solar thermal technologies produce electric power from a temperature gradient, traditionally by using conventional heat engines.
1 Solid state heat engines, in the form of thermoelectric generators (TEGs), can also exploit this temperature gradient to generate power.
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A thermoelectric (TE) material generates a voltage in response to a temperature gradient. The efficiency of a thermoelectric material is governed by its figure of merit, zT, defined as zT ¼ a 2 T kr , where a is the Seebeck coefficient, k the thermal conductivity, and r the electrical resistivity. Until recently, thermoelectric materials had demonstrated peak zT values of 0.5-0.8, leading to low conversion efficiencies and limiting these materials to niche applications.
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With the advent of nanostructured thermoelectrics and complex bulk materials in the 1990s, there has been a sharp increase in zT.
2,4-7 Fig. 1 shows advanced materials that exhibit zT values well in excess of unity over a broad range of temperatures. These high performing materials have led to a record of 15% unicouple efficiency reported by the Jet Propulsion Laboratory in 2012. 8 In light of these recent developments, we consider solar thermoelectric generators (STEGs). In this work, we concentrate our analysis on high efficiency, concentrated STEGs. STEGs have several advantages as compared to existing solar technologies. Unlike traditional solar thermal generators, STEGs are solid state devices with no moving parts, which greatly increases reliability and lifetime. Additionally, STEGs are a scalable technology that can be used for small-or large-scale applications. While photovoltaics are limited to the fraction of incident solar radiation above the bandgap, STEGs utilize a larger portion of the solar spectrum.
Basic STEG design
The TE efficiency within the STEG is defined as the ratio of the output electric work to the input heat. Like all heat engines, the efficiency of TEGs is limited by the Carnot efficiency. For a fixed cold side temperature (T c ), an increase in the hot side temperature (T h ) will result in a higher total efficiency of the thermoelectric generator. In order to achieve high values of T h , we look to high levels of optical concentration, as well as optical and thermal concentration systems with high efficiencies.
The total efficiency of a STEG depends on the optical, absorber, and thermoelectric subsystem efficiencies. A STEG can be divided into several subsystems, as seen in Fig. 2a . The first is an optical system to concentrate the solar radiation. Second, a thermal absorber converts the incident light to heat, which then flows to the thermoelectric module. The cold side temperature of the TE is maintained by a passive or active cooling system. Finally, the thermal absorber, TE module, and cooling system are encapsulated in a vacuum enclosure to prevent conductive and convective heat losses to the air. The vacuum enclosure could be similar to those used in evacuated solar hot water systems, which are widely used and have demonstrated lifetimes greater than 15 years.
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Optical concentration systems for high efficiency STEGs would be the same as those used for concentrated photovoltaic or solar thermal applications.
1 These include Fresnel lenses, heliostats in conjunction with a central receiver system, and parabolic dishes and troughs. For use in a STEG, the pertinent characteristics are the level of concentration reached, the tracking system required, and the optical efficiency.
The optical concentration ratio is defined as the ratio of the optical concentrator area (i.e., the area of the lens or mirror that receives the incident light) to the absorber area upon which the light is focused. Considering one sun to be approximately 1 kW m
À2
, the flux after concentration is given by this solar flux multiplied by the optical concentration ratio. The concentration ratio is mainly limited by the type of solar tracking used. For a static concentrator, with no tracking, the optical concentration ratio is limited to about 10. When single-axis tracking is introduced, a concentration ratio of 100 can be achieved, above which dual-axis tracking systems are required.
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The optical efficiency is the ratio of light that reaches the absorber to the total light incident upon the optical concentrator, and increases with improved tracking systems. Typical optical efficiencies are 40% for static concentrators, 60% for single-axis tracking, and 85-90% for dual-axis tracking.
19 With dual-axis tracking, the optical losses of the tracking system itself are very low; other losses due to factors such as soiling of the lens surface, reflection, and absorption are still present. 20 It is also important to remember that increased tracking increases the system cost.
In order for the thermal absorber to effectively convert the incident light to heat, the surface must have a high absorptivity. However, by Kirchhoff's Law, this also invokes a high emissivity, leading to large radiative losses. This conflict can be . Some of the absorbed energy is re-radiated to the atmosphere (q rad ), and the rest is transferred to the TE (q TE ). Radiation insulation to prevent heat loss on the back side of the absorber is not shown. Fig. 1 Advanced thermoelectric materials demonstrate zT values well above 1, for both n-and p-type materials. This represents a distinct improvement over traditional materials, which possess peak zT values between 0.5 and 0.8. Data from ref. 9-16. resolved by the use of a selective absorber, which has energy dependent absorptivity/emissivity. As can be seen in Fig. 3 , the incident solar flux and the black body emission spectrum peak at different energies. In an ideal selective absorber, the absorptivity takes the form of a step function, in which the step from zero to one is located between the black body and solar flux maxima. The location of the step-edge is referred to as the cutoff energy.
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This optimum cutoff energy is a function of both temperature and optical concentration.
Materials such as semiconductors are often considered intrinsic absorbers, meaning that they exhibit some solar selectivity as pure materials. 22 For a semiconductor, the cutoff value between high and low absorptivities is determined by the bandgap of the material. In recent years, intrinsic absorbers have been used as the starting materials for high performing selective absorbers, ranging from simple layered designs to highly sophisticated plasmonic and photonic structures. [22] [23] [24] High temperature absorbers (above 750 C) have been developed that exhibit solar absorptivities above 0.8 and thermal emissivities below 0.15.
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Previous work
The first documented STEG design dates from 1888, when Weston patented a device that concentrated solar radiation onto a thermoelectric module with a black absorber surface.
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Subsequently, Severy described a STEG that included a pump to supply cooling water to the cold side of the TE module, a battery to store the generated electrical energy, and an adjustable tracking device. 28, 29 In 1913, Coblentz published the first experimental results for a STEG with a hot side temperature of 100 C. 30 However, Coblentz did not give an experimental efficiency for his device.
In 1954, Maria Telkes reported the first experimental STEG efficiency using flat-plate collectors in combination with a ZnSb/ BiSb thermocouple. This device demonstrated 0.6% efficiency, which increased to 3.4% when a 50-fold concentrating lens was added. 31 After this initial study, experimental STEG work was intermittent, with low efficiency values due to relatively low hot side temperatures and the lack of vacuum encapsulation to prevent convective losses. Telkes 31 In the latter half of the 20th century, other thermodynamic STEG models were occasionally developed.
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Notably, in 1979, high temperature STEGs were considered using SiGe thermoelectric elements with a hot side temperature of 827 C and 100-fold optical concentration to predict efficiencies around 12%. 35 In 2003, Scherrer et al. used the idea of thermal concentration to decrease the amount of TE material required. This study found that there was an optimum thermal concentration above which radiative losses from the large absorber surface reduced the total efficiency. 36 Around the same time, several studies were published that attempted to geometrically optimize the TE module for maximum STEG performance.
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In 2011, a paper by G. Chen modeled STEGs using a thorough CPM approach to highlight the important design variables. In this paper, Chen advocated for increasing the efficiency of the STEG by using a selective absorber to maximize the net flux into the thermal concentrator. Chen predicted that STEG efficiencies of approximately 12% can be achieved with 10-fold optical concentration and 200-fold thermal concentration, for a module View Online operating at 527 C with an average zT of 1. 17 Following shortly thereafter, a paper by McEnaney et al. modeled segmented and cascaded Bi 2 Te 3 /skutterudite STEGs, using data from currently existing thermoelectric materials and selective surfaces. The efficiency of the cascaded design was predicted to be the highest, reaching 16% at 600 C. 40 While this study did much to shed light on the important design variables of a STEG, the predicted device performance was determined by finite element modeling for a specific generator design and TE materials. Thus to date, STEG modeling efforts have been numerical approaches or have used CPM to address TE performance, limiting the applicability of these models.
In this study, we develop a generalized description of STEGs that is analytic and is not limited by CPM. We consider optimized TE geometries, selective absorbers, and total efficiencies for given optical and thermal concentrations. This global optimization is done from the view of a fixed hot side temperature, because of the inherent temperature limits of TE materials. We finish by using advanced TE materials' experimental data to design an optimized STEG module.
Methods
In deriving the total system efficiency, we separate the optical efficiency from the STEG efficiency. The STEG can be broken down into two subsystems: the thermal absorber and the TEG. The efficiency for each subsystem can be derived individually, and the STEG efficiency is simply the product of the two. The absorber efficiency is defined as the ratio of the heat transferred to the TE to the total heat that strikes the absorber surface. We must first consider the modeling of the selective absorber to determine how much of this incident heat is actually absorbed by the surface. Then, the absorber efficiency is derived using heat transfer modeling to consider the conductive and radiative heat flows within the absorber and the TE leg. The thermoelectric efficiency is derived for model materials with a temperature independent zT and for real materials in a cascaded generator.
Heat transfer modeling
In the following thermodynamic analysis, we can define spectral heat fluxes, which represent power per unit area per unit energy, total heat fluxes, which represent power per unit area, and heat rates, which represent energy per unit time (power). In the following sections, spectral heat fluxes are represented by q 00 (E), and have units of kW m À2 eV À1 and total heat fluxes will be represented by q 00 and are in units of kW m À2 . Heat rates will be represented by q 00 in units of kW. Integration of the spectral heat flux gives the total heat flux: q 00 ¼ ð q 00 ðEÞdE. The total heat flux and the heat rate can be related to each other through the area of the surface in question, so that q ¼ q 00 A. The pertinent heat rates for the system are shown in Fig. 2b .
After passing through the optical concentration system, the concentrated solar flux is transmitted through the vacuum enclosure and is incident upon the surface of the absorber (q 00 inc ). Here, the spectral solar flux (q 0 0 sun (E)) is given by the AM 1.5 direct spectrum (version G173-03), which yields 0.9 kW m À2 when integrated over the entire spectrum (Table 2 ). This solar flux is concentrated by the optical system to give a final value of q 00 inc (E). An ideal selective absorber is a material in which the absorptivity exhibits a step edge between zero and one at a specific value of energy referred to as the cutoff energy (an example of this function can be seen in Fig. 3) . We define the optimal cutoff energy as that which results in the highest net flux into the absorber (q 00 abs À q 00 rad ). As the energy cutoff is a function of both the absorber temperature and the incident flux, we iteratively determine an optimum energy cutoff for each combination of these variables.
The absorber surface is not a perfect black body, and thus only a fraction of the incident energy is absorbed (q 0 0 abs ) and the remainder is reflected back into the atmosphere (q 00 ref ). The energy absorbed by the surface can be related to the total incident energy as:
where a s (E) is the spectral absorptivity, and A abs is the area of the absorber surface. Here, integration over all energies gives the total value of q abs . This expression, as well as the following expression for the radiative heat loss (eqn (4)), is based on the same detailed balance principle that is used to calculate the maximum efficiency of photovoltaic devices.
41
To consider the heat flow within the absorber, we assume the STEG is sufficiently well-designed that some losses may be neglected in our heat balance. First, we expect that the heat lost through convection will be minimal by enclosing the absorber and thermoelectric legs in a vacuum enclosure, as shown in Fig. 2a . Second, we assume design elements such as insulation and heat shielding are implemented to minimize the heat loss from the sides and back of the absorber. Finally, we assume a perfect selective absorber and neglect reflection losses in the absorbing region.
In this limit, the heat absorbed by the surface can either be reradiated to the atmosphere (q rad ) or flow to the TE (q TE,in ), as shown in Fig. 2b . This can be represented by the following heat balance:
We can then define the absorber efficiency as:
Any heat which does not flow through the thermoelectric module is considered a parasitic loss.
Following Kirchhoff's law of thermal radiation (a(E) ¼ 3(E)), the radiative heat loss is calculated by integrating the product of the spectral emissivity and the black body emission spectrum: (4) in which the factor of p is the result of integration over a halfsphere.
Quantifying the radiative loss from the absorber via eqn (4) requires determining the temperature of the absorber surface (T abs ), which will differ from T h . Because of the differences in magnitude of the thermal conductivity of the absorber (for example, $55 W m À1 K À1 for graphite at 1000 C 42 ) and the TE ($1 W m À1 K À1 ), the temperature drop across the absorber will be very small compared to the drop across the TE. The difference between T abs and T h has been calculated, and is less than 0.5% for most of the variable space, with a maximum difference of 1.5% (see ESI †). We thus assume that T abs ¼ T h , which greatly simplifies the STEG model. We have also assumed that there is no lateral temperature gradient across the absorber surface. If the absorber surface is sufficiently thermally conductive, then the lateral temperature change across the absorber is indeed minimal. This can be shown by calculating the temperature distribution over a basic annular fin model, which has been done by Kraemer et al. 32 We have also performed this calculation for our system, and these data are presented in the ESI. †
We can express the conductive heat transfer into a TE leg of area A TE and length l TE as:
In a thermoelectric material, the heat balance is complicated by the Joule and Thomson effects. While there is significant heat divergence within a thermoelectric leg (q TE,in s q TE,out ), here we are only concerned with the heat flux entering the leg from the absorber. In the Appendix, we develop an expression for heat transfer into the thermoelectric leg in terms of an effective thermal conductivity (k eff , eqn (A.20)). This model rigorously considers the Joule and Thomson effects in the leg and allows these terms to be included within a simple Fourier law description of conduction (eqn (5)). To our knowledge, this concept of effective thermal conductivity in thermoelectrics has not been considered before.
The absorber efficiency (eqn (3)) describes the ratio of the heat transferred to the TE leg (q TE ) to the total heat incident upon the absorber (q inc ). Thus, the value of the absorber efficiency can be used to quantify the reflective and radiative losses of the system. Using our definition of the incident flux, in combination with eqn (5), yields:
Rather than considering the areas of both the absorber and the TE, it is simpler to consider the ratio of the two, defined as the thermal concentration (g th ):
We thus obtain an expression for h abs which depends on two geometric parameters: l TE and g th . To simplify our optimization, we define a ''thermal length'': L th h g th $l TE . Conveniently, an expression for L th can be developed by combining eqn (3) and (6):
The numerical value of L th results from the maximization of the net flux (q 00 abs À q 0 0 rad ) for a given q 00 inc and T h . This is done via the energy cutoff, and yields an optimized absorber efficiency. The remaining parameters in eqn (8) (T c and k eff ) are chosen to be 100 C and determined using eqn (A.20), respectively (Table 2) . Thus, the L th value is an optimized length and not a free parameter.
Thermoelectric efficiency
The efficiency of thermoelectric generators has traditionally been analyzed using the constant property model (CPM), a global approach to the transport properties. 43, 44 Recently, a local approach to generator efficiency has been developed which greatly simplifies the analysis and optimization. This approach is derived in ref. 45 
This local approach differs from the CPM in that it does not inherently assume any material properties. Because of the lack of assumptions in this model, it is necessary to constrain some parameters in order to reach an analytical solution. Here, we assume constant thermal conductivity and zT. For many TE materials, the k TE value varies by less than 50% over a several hundred degrees temperature range (see, for example, the k TE data in ref. [9] [10] [11] [12] [13] [14] [15] [16] . In contrast, the Seebeck coefficient and electrical conductivity often vary by several orders of magnitude over the same temperature range. Cascaded and segmented generator designs allow for an approximately constant value of zT.
The macroscopic thermoelectric leg is infinitely divided into layers which are electrically and thermally in series. The maximum local efficiency is set by the local Carnot efficiency dT/ T. In practice, the local efficiency is a fraction of dT/T; this fraction is termed the reduced efficiency h r (T). Thus an ideal Carnot generator would have an h r (T) of unity for all T. Given h r (T) across a leg, the global efficiency can be derived:
We will pursue two approaches, the first with generalized material properties and the second specific to the current state-of-the-art materials. In both cases, prediction of optimum performance requires an optimized reduced current density u. In a thermoelectric leg, the reduced current density can be defined as the ratio of the electric current density, J, to the heat flux by conduction, kVT.
For a constant kVT, we can see that u is simply a scaled version of the current density J.
The local reduced efficiency is found to be:
By tuning the reduced current density u, h r can be maximized. The peak in h r occurs when u is equal to the 'thermoelectric compatibility factor' s, which is defined as: View Online
The maximum reduced efficiency, obtained when u ¼ s, is given by
As a general rule, h r (T) is significantly compromised when u deviates from s by more than a factor of two.
In our first approach, we assume that u ¼ s across the device. Cascading allows u to be reset throughout the legs, enabling a real device to come close (within a factor of two) to u ¼ s at all T. As can be seen in eqn (13) , the temperature dependence of zT will be important in evaluating eqn (9) . In a cascaded generator, the real temperature dependence of zT will have a sawtooth appearance. Here we approximate zT as a constant. If zT is constant, then the reduced efficiency is also constant, and the integral in eqn (9) becomes trivial. With these assumptions, the global efficiency can be solved to yield:
The second approach considers a cascaded STEG constructed from state-of-the-art thermoelectric materials with experimentally determined a(T), r(T) and k(T) (and thus zT(T)). The interface temperatures between stages are set to maximize zT values. In practice, this typically is the maximum temperature the lower temperature stage can sustain. This approach maximizes h for a segment with a given s(T) by iteratively determining the optimum u(T). The efficiency h is related to the change in thermoelectric potential (F) across the device:
The thermoelectric potential is defined as:
The heat balance equation can be expressed in reduced form:
This governing expression determines the form of u(T). The boundary condition for u(T) is iteratively determined to maximize the global h.
Overall STEG efficiency
The efficiency of the STEG is given by the product of the absorber and thermoelectric efficiencies (h STEG ¼ h abs $ h TE ). It is important to note that we are not including the efficiency of the optical concentrating system within our value of the STEG efficiency. This is done to enable more direct comparisons to other solar energy devices, such as photovoltaics, for which the reported efficiencies do not include optical concentration losses.
In the approximation of constant zT and u ¼ s, this yields a simple expression for STEG efficiency:
The absorber efficiency can also be rewritten in terms of the physical system design parameters (as in eqn (6)). This gives us an alternate expression for the STEG efficiency.
In the case of a black body (for which the absorptivity is unity across all energies), the integrals in eqn (1) and (4) become trivial, and eqn (18) can be written as:
where s is the Stefan-Boltzmann constant. We emphasize that the choice of constant zT is to provide analytic solutions within this paper; a numerical approach can be readily implemented to solve eqn (13) and (14) and is demonstrated below.
Results and discussion
Selective absorber results
In a selective absorber, the absorption cutoff is positioned to maximize the energy absorbed and minimize the radiative losses (shown in Fig. 3 ). The results of the selective absorber optimization performed here are shown in Fig. 4a . With an increase in temperature, the black body emission spectrum shifts to higher energies. To avoid high radiative losses in this situation, the cutoff also shifts to higher energy values. Conversely, as the incident solar flux increases, the magnitude of this incident flux becomes much larger than the black body emission curve. This moves the cutoff to lower energies, so as to absorb more of the concentrated solar flux. In all curves, we see sharp jumps in the energy cutoff values, which can be explained by considering the water absorption bands in the AM 1.5 spectrum (see Fig. 3 ). Because the incident flux is much lower within these bands, the total flux is decreased when the cutoff is positioned within an absorption band. The optimized cutoff will remain at an energy just below the absorption band, even as the temperature increases and the black body emission spectrum shifts to high energies, until it becomes advantageous for the cutoff to ''jump'' to the other side of the absorption band. Because the use of a selective absorber increases both the cost and complexity of the STEG, one could also consider using a black body as the thermal absorber. Fig. 4b compares the ratio of the net flux achieved by the black body (f BB ¼ q 00 abs À q 00 rad ) to the net flux achieved with an optimized selective absorber (f SA ). The difference between the black body and selective absorber fluxes is greatest at high temperatures and low incident fluxes. Because the radiative losses of the system show a T
Subsystem efficiencies
We first consider the subsystem efficiencies derived above (eqn (6), (13) and (14)) as functions of temperature, shown in Fig. 5a . The thermoelectric and absorber efficiencies show opposing trends with temperature. As can be seen in eqn (14) , the thermoelectric efficiency increases with increasing T h . Increasing the zT of the TE module also increases the thermoelectric efficiency (see eqn (13)), and the Carnot efficiency shows the highest possible efficiency for an ideal heat engine. In contrast, the absorber efficiency (eqn (6)) decreases with increasing T h , due to the dependence of the radiative losses on T h (as shown in eqn (4)). Fig. 5b shows the STEG efficiency as a function of T h , which is simply the product of the two subsystem efficiencies. Over the temperature region shown, the decrease in absorber efficiency is overshadowed by the increase in TE efficiency, resulting in an overall increase in the STEG efficiency. However, at higher temperatures, the STEG efficiency will exhibit a maximum value at a specific temperature (see Fig. 9 ). With the increasing incident flux, this maximum efficiency shifts to higher temperatures.
STEG efficiency
The L th value, given in eqn (8) , represents the thermal resistance of the TE element. For a constant absorber area, an increase in L th requires either a decrease in A TE or an increase in l TE , both of which increase the resistance to heat flow through the TE. In Fig. 6 , the positive slope of L th as a function of T h is due to the increased thermal resistance necessary to achieve higher temperatures. At lower incident fluxes, a higher L th value is required: with a lower incident heat flux, the TE must be more Fig. 4 (a) : The cutoff energy for a selective absorber must be optimized with respect to both temperature and optical concentration to achieve the maximum net flux into the absorber. The sharp jumps in this optimized value are due to the water absorption bands in the AM 1.5 spectrum. (b) When considering the net flux for a black body absorber (f BB ) versus the net flux for an optimized selective absorber (f SA ), the performance of the SA is markedly better at high temperatures and low incident fluxes. View Online thermally resistive to maintain the same T h value as a system with a higher incident heat flux (see Fig. 6 ). Past the optimal T h value, the total efficiency decreases to zero. This behavior is understood by examining the net flux into the absorber, given by the difference between the absorbed and radiated heat fluxes, as shown in Fig. 7 . The temperature at which the net absorber flux is zero is the same as the temperature for an absorber efficiency (and thus a STEG efficiency) of zero. This places a limit on the maximum temperature attainable for a given incident flux.
The limiting temperature can also be understood in terms of physical system parameters. If we consider an increase in T h at a constant incident flux, the L th value will necessarily increase also, as shown in Fig. 7 . At the limiting temperature, L th approaches infinity, representing an infinite thermal resistance (physically due to either a very long TE leg or a very small TE area). An infinite thermal resistance would mean that no heat was flowing to the TE, which is indeed what is shown by the heat balance at this limiting temperature. Fig. 8 shows the STEG efficiency as a function of the incident flux. For each value of T h , there is an incident flux past which the efficiency gains are minimal. Because the TE efficiency is not affected by the change in the incident flux, this can again be understood in terms of the absorber efficiency. As the incident flux increases, this value becomes many orders of magnitude larger than the radiative losses of the system, causing the absorber efficiency to asymptote at a particular value. This is then reflected in the asymptotic behavior of the STEG efficiency. With increasing T h , this point of diminishing returns shifts to higher values of incident flux, due to the changes in the slope of the absorber efficiency with the increasing incident flux.
Total efficiency
The total system efficiency is separated into the STEG efficiency and the efficiency of the optical concentrating system. Here, we consider both single-and dual-axis optical tracking systems with efficiencies of 0.6 and 0.9, respectively. 19 We have set the optical efficiency to be temperature independent, thus including this value simply scales the STEG efficiency curve. Fig. 9 shows the efficiency for a system with an ideal optical concentrator, and realistic single/dual-axis tracking systems, for zT ¼ 1 and zT ¼ 2. For the STEG with zT ¼ 1, under 100 kW m À2 illumination, the STEG efficiency is 15.9%. If a realistic dual-axis tracking system is used (h op ¼ 0.9), then the total efficiency is 14.3%. If the average zT value of the system increases to 2, the STEG efficiency rises to 23.5%, and the total efficiency (with realistic dual-axis tracking) is 21.1%. Another material improvement that could Fig. 7 For a given incident flux, there is a maximum hot side temperature that the system can achieve. No heat can flow to the TE in this situation, because the thermal resistance (l th ) of the TE leg is infinite. At this temperature, the absorber efficiency (and thus the STEG efficiency) is zero (shown for q 0 0
inc ¼ 100 kW m À2 and zT ¼ 1).
Fig. 8
When T h is fixed and the incident flux is increased, the STEG efficiency will asymptote to a particular value. This asymptotic behavior is due to the increased magnitude of the incident flux as compared to the fixed value of the radiative flux (shown for zT ¼ 1). increase the total efficiency is the development of higher temperature materials. For example, for a STEG with a hot side temperature of 1500 C and a zT value of 2, the STEG efficiency would be 30.6%, and the total efficiency 27.6% for a realistic dual-axis tracking system.
Design elements of a STEG unit
After investigating the suite of variables that are involved in STEG design and optimization, it is illustrative to consider the physical design of an optimized STEG. We will consider each STEG subsystem individually, and discuss the materials required, their performance, and the system geometry.
We first consider the optical concentration system. If we choose to use a dual-axis tracking system, the most attractive choice is a Fresnel lens concentrator, which has been shown to have optical efficiencies of 85-90%. Acrylic Fresnel lenses are advantageous in that they are light, durable, and easily mass produced.
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From Fig. 4b , we see that the selective absorber performs markedly better than a black body absorber. In order to reach the high values of T h necessary for high efficiency STEGs, a selective absorber is required. High temperature selective absorbers have been designed that operate close to the limiting values considered here.
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We next discuss the choice of TE material and module design. We propose a cascaded design consisting of three individual TE stages. These are: (1) 10, 11, [13] [14] [15] [16] This design gives an effective zT of 1.03 and an overall TE efficiency of 18.7%. For this same temperature range and zT, in the u ¼ s limit, our expression for h TE (eqn (14)) gives a value of 19.3% efficiency. We can further see that the actual TE module performance is very close to the theoretical performance by considering the u and s values of each section, shown in panels (a) and (b) of Fig. 10 . In an individual stage, the difference between u and s is never more than a factor of two, not enough to adversely affect the generator performance. The impact of u s s can be visualized throughout the leg in panels (c) and (d). The maximum reduced efficiency (pink) assumes u ¼ s and the local zT, whereas in the real device u ¼ s at only one point. Elsewhere, the pink (maximum) and green (actual) curves are not equal.
In order to consider the geometric parameters of the system, we first choose the dimensions of the TE leg. For the module optimization above, we have assumed that the TE leg length is 1 cm, and the total area is 1 cm 2 (the individual areas of the p-and n-type legs are optimized for each stage, but in all cases they sum to 1 cm 2 ). For a hot side temperature of 1000 C and a 100 kW m À2 incident flux, the L th value of the system is Fig. 10 An optimized three-stage TE module using experimental data. By optimizing the reduced current density u, this value is never more than a factor of two different from the thermoelectric compatibility factor s. This allows the actual reduced efficiency of each stage to be close to the calculated maximum reduced efficiency. approximately 1.6 cm. Using our TE dimensions, we calculate that the absorber area must be 1.6 cm 2 . In practice, a STEG would consist of many of these 1 cm 3 thermoelectric units wired together, and the top side absorber would be continuous over the entire area.
For this design, the STEG efficiency is 15.7% when using an ideal optical concentration system that concentrates to 100 kW m À2 . If a realistic dual-axis tracking system is used, and this efficiency is taken into account (h op ¼ 0.9), the total efficiency is 14.1%.
Comparison to other technologies
When the losses of the optical concentrating system are considered, we see that STEGs made from today's materials should achieve total system efficiencies around 14.1%. Concentrated solar power (CSP) systems, which use similar optical tracking and concentration systems, typically achieve about 13-15% system efficiency. 1 STEGs can clearly achieve comparable efficiencies, without the need for working fluids or moving generator parts. Additionally, the efficiency of STEGs has the potential to greatly increase in coming years, as TE materials with higher zT values are developed. This is in contrast to CSP systems, which are already highly optimized. In a CSP system, the operating temperature is limited by the working fluid to a maximum of $550 C; we see from Fig. 9 that the optimal operating temperatures for STEGs are much higher.
1 This suggests the possibility of combining STEGs with CSP installations; the STEG could operate with a T c of 500 C, leaving the CSP efficiency unchanged, while increasing the efficiency of the combined system. Concentrated photovoltaics (CPVs) have a record efficiency of 43.5%, but in real operating conditions the efficiency is typically about 30%. 48 As noted above, if TE materials had an average zT of 2, the STEG could in practice achieve a generator efficiency of 23.8% at T h ¼ 1050 C (Fig. 9b) . CPV cells owe their record efficiencies to the use of multijunctions, which simultaneously extends the range of wavelengths that can be absorbed by the cell and reduces thermalization losses. However, the traditional multi-junction arrangement presents some challenges, including lattice matching and limitations on the cell current. To avoid these, techniques which physically split the solar spectrum have been proposed, including photonic structures, reflective and refractive optics, and luminescent or holographic filters. 49, 50 Although these techniques have been extensively modeled and experimentally demonstrated, much work remains before any spectrum splitting technology could be truly competitive with CPV.
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Ultimately, the value of any new technology is determined not only by efficiency but also by cost. The costs of CSP and PV plants are typically assessed by calculating the levelized cost of energy (LCOE). 55, 56 However, this calculation is difficult for STEGs because module production costs are currently unknown. This is largely due to the fact that many of the high performing TE materials considered here have only recently been investigated in experimental settings. Only when these materials mature will it be possible to accurately calculate the LCOE for large scale STEG installations.
Conclusions
We have developed a model that allows us to predict the limiting efficiency of a STEG. This has been achieved by separately optimizing the thermal absorber and the thermoelectric module using heat transfer modeling and thermoelectric compatibility theory, respectively. Our optimization has also allowed us to develop generalized design rules for STEGs. These can be used to inform STEG design choices, such as the level of optical concentration, the use of a selective absorber, and the thermal absorber and thermoelectric module geometries.
With current TE materials, we have shown that a total efficiency of 14.1% is possible with a hot side temperature of 1000 C, including a non-ideal optical system. Solar thermal systems, which use similar optical tracking and concentration systems, typically achieve about 13-15% system efficiency. STEGs can clearly achieve comparable efficiencies, without the need for working fluids or moving generator parts. As TE materials continue to develop, STEG system efficiencies will increase; if the average zT value in the above example were to increase to 2 (with no changes in the optical or absorber efficiencies), a path towards generator efficiencies of 25% can be envisioned.
Appendix: derivation of k eff Introduction
Modeling heat transport within thermoelectric materials requires consideration of not just the Fourier heat conduction, but also the Peltier and Thomson effects. Rather than considering each of these effects separately, we derive an ''effective thermal conductivity'' (k eff ), which allows us to model the thermoelectric material as if Fourier conduction were the only heat transfer mechanism. The final expression for k eff encompasses the traditional Fourier heat conduction, but also the heat generation/ consumption due to the Peltier and Thomson effects.
In this model, we consider an optimized thermoelectric generator (TEG) using thermoelectric compatibility theory (for a detailed derivation, see ref. 45) . We assume that the reduced current density (u) is equal to the thermoelectric compatibility factor (s) across the entire TE leg. We allow the Seebeck coefficient (a) and the resistivity (r) to vary with temperature, but the thermal conductivity (k) and the zT value are assumed to be constant.
Heat flux expressions
The total heat flux (Q) through a TE at any point in the leg can be written in terms of the current density (J) and the thermoelectric potential (F) as:
This equation includes both the Peltier and the Fourier heats. We can also write the heat flux in terms of u. Because we are interested in the heat flux into the TE at the hot side (Q h ), we write the reduced form of eqn (A.1) specifically for this flux by means of the scaling integral:
We wish to express the heat flux in terms of an effective k that describes the heat flux into the TE at T h . This effective term is expressed by eqn (A.3). Note that this k eff will be different than the k eff derived to describe the Q leaving the leg on the cold side. For this reason, we will denote k eff as k eff,h in the following derivation.
Equating the two heat fluxes gives an expression for k eff,h :
Thermoelectric compatibility theory
From eqn (A.4), it is clear that we must consider u(T). In order to simplify this task, let u ¼ s across the entire leg. For a thermoelectric generator, in a u ¼ s model,
By substituting s into eqn (A.4) and recalling that we have defined both k and zT as constant with temperature, we have:
We see that, in order to analytically solve for k eff,h , we will need an expression for a(T).
